Recently, the Planck 2013 results showed possible evidence for a dipolar power modulation of the CMB temperature fluctuations at low-ℓ multipoles. This anomaly might imply certain deviations from statistical isotropy. To incorporate the Planck's data into standard cosmological model, we propose an inflation model of the very early universe in an anisotropic spacetime. A generalized Friedmann-Robertson-Walker (FRW) metric is presented in the Randers-Finsler spacetime. We obtain the primordial power spectrum of the scalar perturbation with direction dependence, such as the dipolar modulation. This is consistent with the dipolar power modulation of the CMB anisotropy signaled by the Planck observation. *
I. INTRODUCTION
The cosmological principle assumes that the universe is statistically isotropic and homogeneous at large scales [1] . Recently , it has been rigorously tested by the observations on the CMB anisotropy from the Planck satellite [2] and the Wilkinson Microwave Anisotropy Probe (WMAP) [3, 4] . It was showed that the statistical isotropy is well consistent with these datasets. However, there are several anomalies at low-ℓ multipoles of the CMB temperature fluctuations [4] [5] [6] . They include the quadrupole-octopole alignment [7, 8] , the hemispherical asymmetry [9] [10] [11] , the dipolar power modulation [12] [13] [14] , the parity asymmetry [15] [16] [17] [18] [19] [20] [21] , the missing power of quadrupole [22, 23] , the cold spot [24] [25] [26] [27] [28] [29] [30] , and so on. These anomalies give rise to extensively theoretical debates recently. It is believed that they might be stemmed from the non-standard spinor [31] , the curvaton field [32, 33] , the primordial vector fields [34] [35] [36] [37] [38] [39] [40] [41] [42] [43] [44] , and so on.
Originally, the hemispherical asymmetry was tested by studying the angular power spectrum locally at different positions on the celestial sphere [9, 10] . It was found that the power spectrum for a hemisphere was larger than that for the opposite hemisphere at low-ℓ multipoles. This power asymmetry might take the form of dipole modulation over the sky [5] , namely ∆T (p) = (1 + Ap ·n) ∆T iso (p) ,
where ∆T iso denotes the unmodulated isotropic quantity,n is the dipole direction andp is a unit direction in the sky. Based on the WMAP data, the dipole amplitude was found to be A = 0.07 ± 0.02 for ℓ < 64. The dipole direction was (l, b) = (224
. Recently, the Planck 2013 results [6] confirmed the above asymmetry of the CMB at the level of around 3σ. For the NILC map, for example, the dipole amplitude referred to A = 0.07 ± 0.01 and the dipole direction was (l, b) = (218.9
• ± 15.4
• , −21.4
• ± 15.1 • ). Similar results were obtained for the other three maps. These are consistent with the WMAP-based results.
To incorporate the dipolar power modulation of the CMB anisotropy into the standard cosmological model, we could investigate the inflation with anisotropy. Phenomenologically, the primordial power spectrum would be of direction dependence in the anisotropic inflation. It could be written as [33] 
where P R (k) denotes the isotropic power spectrum. Here A(k, r) is a positive function of the wavenumber k and the distance r. We could relate r ∼ k −1 , since the CMB at the scale r is most sensitive to the perturbation with k ∼ r −1 . The parameter A would be of the level 0.07 at the scales of k −1 ∼ 1Gpc [6], while it would be less than 0.015 at the scales of k −1 ∼ 1Mpc [45] . In this paper, we would study such an inflation model in an anisotropic spacetime. The natural framework of anisotropic spacetime is the so-called Finsler geometry [46] . Finsler geometry gets rid of the quadratic constraint on the metric [47] [48] [49] . The Finsler spacetime admits certain privileged axes and permits less symmetries than the Riemann one does [50] [51] [52] . Thus, the Finsler geometry is a reasonable candidate to reveal the deviations from isotropy of the spacetime. For instance, the Finsler spacetime could account for the Lorentz violation as well as the CPT violation [53] [54] [55] [56] [57] [58] [59] [60] [61] [62] . The cosmic acceleration could be explained by the anisotropic Friedmann equation in Finsler cosmology [63] . The large-scale bulk flow [64, 65] could be revealed by a Finslerian Zermelo navigation model [66] . The Randers-Finsler structure could account for the privileged direction [67] [68] [69] [70] of the maximum accelerating expansion in the Hubble diagram [71] . A spatially anisotropic Finslerian model could account for the mass discrepancy problem of the Bullet cluster [72] , and so on.
The statistical anisotropy of the CMB may be related with the Randers-Finsler spacetime. The Randers structure [73] involves an extra 1-form which is related to a vector field. This vector field may influence the very early evolution of the universe if it existed in the universe. In this paper, we propose a generalized FRW metric in the Randers spacetime. The Randers structure comprises the FRW part and the weak vector field. The vector field singles out a privileged axis in the very early universe. We study Einstein's gravitational field equations via the osculating Riemannian approach. The time-time component of Einstein's field equations is resolved to obtain an inflationary phase of the very early universe. The anisotropic modifications are studied for the inflationary universe. By studying the equation of motion for the inflaton field, we obtain the primordial power spectrum of the scalar perturbation with statistical anisotropy. The predicted statistical anisotropy may account for the Planck observed dipole modulation of the CMB temperature fluctuations.
The rest of the paper is arranged as follows. In section II, we first present a brief introduction to Finsler geometry. In section III, the osculating Riemannian approach is introduced to study a generalized FRW metric in the Randers spacetime. In section IV, we study the time-time component of Einstein's gravitational field equations and resolve it to obtain an inflationary solution. Meanwhile, the anisotropic modifications are acquired for the inflationary phase of the universe. The primordial power spectrum with statistical anisotropy is got through the equation of motion for the inflaton field in section V. Conclusions and discussions are listed in section VI.
II. THE ANISOTROPIC SPACETIME
In this paper, we suggest the Randers spacetime as a suitable background of inflation at the very early stage of the universe. The Randers spacetime is a class of Finsler spacetimes. Thus, we first present a brief introduction to the Finsler geometry in this section. For more detailed discussions on Finsler geometry, see the references, for instance [47] [48] [49] .
Different from Riemann geometry, Finsler geometry is defined on the tangent bundle. Finsler space stems from the arc-length integrals of the form
where x and y ≡ dx/ds denote the location and the velocity, respectively. The proper length is given by s. The integrand F (x, y) is called the Finsler structure. It is a smooth and positive function on the tangent bundle. It is positively homogeneous of degree one, i.e., F (x, λy) = λF (x, y) for λ > 0. The Finsler metric is defined by the Hessian,
Together with its inverse g µν , it is used to lower and raise the spatial indices of tensors. For the Finsler spacetime, the spatial indices run from 1 to 3 and the temporal index runs 0 in this paper.
The Finsler metric is dependent on the positions x as well as the directions given by the fibre y. This is different from the Riemann metric which depends on x only. Thus, there is other significant object, i.e., the Cartan (torsion) tensor in Finsler geometry. The Cartan tensor is defined as [48] 
It completely characterizes the deviation of the Finsler space from the Riemann space. The Finsler space becomes Riemannian if and only if C µνσ = 0. This result reveals that Finsler geometry is a natural generalization of Riemann geometry. The Randers space [73] is a kind of Finsler spaces. It could be viewed as a Riemann space influenced by a primordial vector field (for instance, the electromagnetic field). The Randers structure is given by
where α(x, y) = ã µν (x)y µ y ν denotes a Riemann structure and β(x, y) =b µ (x)y µ is a 1-form. However, the vector field appears as a part of the space structure in the Randers space. Furthermore, it induces the anisotropic properties of the Randers space. The tildes here denote raising (or lowering) the indices with the Riemann metricã µν (orã µν ). To reveal the anisotropy of the Randers space, one notices that the Randers structure is not absolutely homogeneous of degree one. Otherwise, the Randers structure reduces back to the Riemann one. The reason is that α would keep invariant while β changes its sign under the rescale y −→ −y. In addition, the anisotropy of the Finsler spaces could also be revealed by the number of solutions of the Killing equations [50] [51] [52] .
In the Randers space, the Randers metric is defined as [48] 
where ℓ µ =l µ +b µ andl µ =ã µν y ν /α. Its inverse is given by
where b 2 =b µb µ . The Cartan tensor of Randers space is given as [48] C µνσ = 1 2α
where S (µνσ) refers the summation over the cyclic permutation of indices. We note that each term in C µνσ is proportional to the components ofb. Thus, the Cartan tensor could be a first order object in the case of b ≪ 1.
III. THE OSCULATING RIEMANNIAN APPROACH
In this section, we consider a generalized FRW metric with weak anisotropy in the Randers spacetime. Following Stavrinos et al.'s approach [76] , we will employ the osculating Riemannian metric to approximate the Randers metric.
The related Randers structure is given by the spatially flat FRW metricã µν = diag(1, −a 2 (t), −a 2 (t), −a 2 (t)) and an extra 1-formb µ dx µ (or a vector fieldb µ ∂/∂x µ ). The temporal coordinate denotes the proper time measured by a comoving observer while the spatial coordinates are comoving. The velocity y µ = (1, 0, 0, 0) denotes the tangent 4-velocity of the comoving observer along a worldline. The vector field is very weak, i.e., b ≪ 1 in the Randers spacetime. It would be expected to align with the tangent 4-velocity [74] . Thus, we consider the timelike vector field that has only the temporal component non-vanishing, i.e.,b µ = (B(z), 0, 0, 0). In addition, the component B(z) is set to be dependent on the third spatial coordinate z only. This proposition would induces the anisotropy of the primordial power spectrum along the z-axis. Therefore, we will study the generalized FRW metric (i.e., the Randers structure) as
where the spatially flat FRW part is given by the first term on the right hand side. The anisotropy of the obtained Randers spacetime is characterized by the second term on the right hand side of the above equation. For the weak vector field, the Randers metric could be viewed as a slight modification to the FRW metric.
Usually, it is difficult to discuss the gravitational issues in the completely Finsler geometric framework. However, the Finsler metric could be approximately related to the Riemann metric in certain cases [47, 75] . Actually, it is convenient to study the gravity with the osculating Riemannian method [47] . The Finsler structure corresponds to the osculating Riemannian metric as
where the velocity y(x) is viewed as a function of the position x. Correspondingly, the coefficients of Christoffel symbol are given by [76] 
where γ (9), we may note that the Cartan tensor is proportional to the components of the vectorb which is small. In addition, we have chosen the comoving coordinates in the Randers spacetime. Thus, the terms dependent on the Cartan tensor could be dropped in the equation (12) . In the Randers spacetime, therefore, we approximately obtain the Christoffel symbols as
Here Γ µ νσ (x) denote the coefficients of the osculating Christoffel connection. Corresponding to the osculating Christoffel connection, the components of the curvature tensor are given by
The Ricci tensor and the scalar curvature are, respectively, given as
The osculating Riemannian metric evolves following the conventional Einstein's gravitational field equations,
where
denotes the energy-momentum tensor of the cosmic fluid. However, the anisotropic properties of the Finsler spacetime have been approximately comprised into the osculating Riemannian metric. Thus, the obtained Einstein's field equations are weakly anisotropic in the Randers spacetime considered in this paper.
IV. THE INFLATIONARY PHASE WITH WEAK ANISOTROPY
In this section, we study Einstein's gravitational field equations in the Randers spacetime. The inflationary solution is obtained for the very early universe at the zero-order assumption. Further, we take account the slight modifications to the inflationary phase such that the very early spacetime acquires the weak anisotropy.
First, we calculate the time-time component of the Einstein tensor to study Einstein's field equations in the Randers spacetime. The Einstein tensor is defined as G µν = Ric µν − 1 2 g µν S. We obtain its time-time component as
where the dots denote the derivative of a with respective to t while the primes denote the derivative of B with respective to z. For an inflationary phase [77] [78] [79] [80] [81] , the very early universe undergoes a process of exponential expansion, i.e., a ∼ e Ht where H is the Hubble horizon. Thus, the second term on the right hand side of the equation (18) would decrease exponentially. It could be discarded at the zero-order approximation. In this way, Einstein's field equation would reduce back to the conventional one. To account for the spacetime anisotropy, we could consider the modifications from the second term on the right hand side of (18) .
At the zero-order approximation, the time-time component of the Einstein tensor becomes
On the other hand, the energy-momentum tensor of the cosmic fluid is characterized by the one of the perfect fluid. At the zero order, its time-time component is given by [1] 
where φ (0) (t) is the zero-order part of the mostly homogeneous inflaton field φ(t, x). Consider the slow-roll condition that the inflaton field slowly rolls down its potential, i.e.,
). Thus, the energy density T
00 of the inflaton field almost becomes a constant. The time-time component of Einstein's equations becomes [1] ȧ a 2 = 8πG 3
which determines the evolution of scale factor a. This equation has an exponential solution a(t) ∼ e Ht where H denotes the Hubble horizon which is almost constant. The exponential expansion of the very early universe corresponds to the inflationary phase of the universe . Note that the above analysis is similar to that in the standard inflationary model, see [1] for details.
To account for the anisotropic effects, we substitute the exponential solution a(t) ∼ e Ht back into Einstein's field equation (17) and obtain the anisotropic modification B(z) of the very early universe. In this case, the time-time component of the Einstein tensor is given by the equation (18) , and the energy density of the inflaton field is given by
Here the potential of the inflaton field is set to be V (φ
where the correction (1+B) 2 in T 00 comes from the osculating Riemannian metric g 00 . Then the time-time component of Einstein's field equation (17) becomes
where we have used the equations (18), (19), (20) and (21) in calculations. We see that the remained term in the equation (22) determines the anisotropic modifications to the inflationary phase of the universe. The equation (22) has a solution as
where c 1 and c 2 are the integral constants. In addition, c 2 > 0 denotes a given distance scale which could be constrained by cosmological observations. We could set |c 1 c 2 | ≈ 4 and |z| ≪ c 2 because of the condition |B(z)| ≪ 1. Note that B(z) would be a monotonically increasing function of z. To the second-order approximation, the above solution B(z) could be expanded as B(z) ≃ f 0 + f 1 z + In this way, we obtain the inflationary phase of the generalized FRW metric (10) with weak anisotropy in the Randers spacetime.
V. THE PRIMORDIAL POWER SPECTRUM WITH THE DIRECTION DEPENDENCE
In this section, we study the primordial power spectrum [82] [83] [84] [85] [86] [87] [88] with weak anisotropy in the Randers spacetime. First, the action of the inflaton field is given by
where √ −g = det(g µν ) for the osculating Riemannian metric of the Randers structure (10) . From the Euler-Lagrange
, we obtain the equation of motion of the inflaton field as
We have decomposed the inflaton field into two parts φ(t, x) = φ (0) (t) + δφ(t, x), where δφ(t, x) denotes a first-order perturbation.
For the zero-order part φ (0) (t), the equation of motion becomes
For the anisotropic and inhomogeneous perturbation, the equation of motion for the fluctuations becomes
where we have used the equation (26) to eliminate φ (0) . Typically, the
dφ 2 term is small, which is proportional to the slow-roll variable η ≃
dφ 2 /(3H 2 ). It could be comparable to the magnitude of the anisotropic term. However, this term just affects the spectral index n δφ 1 [89] . The isotropic power spectrum P iso δφ (k) would be affected. Thus, we could neglect it in the following discussions if we are only interested in the anisotropic effect.
The fluctuation of inflaton field could be expanded into the Fourier modes as
In this way, the fluctuations would evolve along the equation of motion as
where the effective wavenumber is given as
and andk ·n denotes the cosine of angle between the wavevector k and the third spatial directionn. With the redefinition of the inflaton δφ k = δσ k /a, we could work in the conformal time dτ = dt/a where the coefficient (1 + B) 2 is discarded since it does not affect the following discussions. Thus, the equation of motion of the fluctuations becomes
1 In this case, the equation of motion (33) becomes
Thus, only the spectral index would be affected based on this equation.
For the inflationary phase of the universe, the scale factor expands nearly exponentially, i.e., a(t) ∼ e Ht . Correspondingly, the conformal scale factor reads
Thus, we find that the equation (31) becomes as
This equation has an exact solution [1] 
By considering the redefinition of δφ k , we obtain
The primordial power spectrum of δφ k , which is denoted by P δφ k , is defined by
Thus, one has the primordial power spectrum of δφ k as
For the super-horizon perturbations, the wavelength k is much larger than the horizon, i.e., kτ ≪ 1. Thus, the primordial power spectrum of δφ k approximately becomes
2 contains the anisotropic properties.
On the super-horizon scales, the primordial power spectrum of the comoving curvature perturbation R is given by [89] 
where m pl is the Planck mass. The above equation could be parameterized as
, A R denotes the normalized amplitude and n R denotes the spectral index of the comoving curvature perturbation. We remain only the terms that are not higher than B 2 orders. The terms containing B induce the anisotropic behaviors of the primordial power spectrum of the comoving curvature perturbation. The reason is that B = B(r ·n) depends on the third spatial coordinate z = r ·n. This term would give arise to the (parity violating) statistical anisotropy of the universe. Heren denotes the third spatial direction and r is the spatial location. It was noteworthy that the level of the statistically anisotropic effects grows with the increase of the third spatial distance |z|. Thus, the statistical anisotropy would be significant at large scales. At small scales, however, the anisotropic effects are not significant in this model. Note that the above primordial power spectrum (40) could be constrained by the Planck's results via a similar analysis in the reference [90, 91] .
As an example, we refer to the linear approximation of B(z) in (23) 
By substituting the above equation into (40), one could obtain the primordial power spectrum as
The last two terms refer to the quadrupole asymmetry in the above equation. Generically, they are smaller than the dipolar term. Thus, one could ignore them first and only interested on the dipolar modulation of the power spectrum. In this way, the primordial power spectrum (42) could be rewritten as
According to Eq. (2), this dipolar modulation of primordial power spectrum could account for the hemispherical asymmetry of the CMB power observed by the WMAP and Planck satellites.
In the following, we estimate the amount, scale, and direction of the anisotropic effect based on the Planck results. First, the primordial power spectrum (43) could be parameterized as
where we have used r ∼ k −1 , and several extra constants have been absorbed into the parameter k c . The constant k c denotes a critical wavenumber, which refers the critical scale of the dipolar modulation. Thus, we obtain the magnitude of the anisotropic effect, i.e., A = k c k −1 . Based on the Planck 2013 results [6], the parameter A is of level ∼ 0.07 at the scale k −1 ∼ 1Gpc. We could get the parameter k −1 c ∼ 14Gpc, which is comparable to the scale of the universe. This estimation implies that the anisotropic term would affect the CMB physics only at the low-ℓ multipoles. At small scales, the parameter A would decay rapidly with respect to k. This is consistent with the constraint on A from the distribution of distant quasars [45] . In addition, the anisotropic axisn orients to the direction (l, b) = (218.9
VI. CONCLUSIONS AND DISCUSSIONS
In this paper, we have studied a generalized FRW metric with weak anisotropy in the Randers spacetime. The osculating Riemannian approach was employed to obtain the evolution of the Randers spacetime. We found an inflationary solution of Einstein's gravitational field equations at zero order. The anisotropic modifications were obtained to the inflationary stage of the universe. Most importantly, the primordial power spectrum was obtained by analysis on the equation of motion for the inflaton perturbations. It was found to acquire the dipolar modulation along the third spatial axis. This could reveal the dipolar power modulation of the CMB temperature fluctuations. The anisotropic effects are significant at large-angular scales while they are insignificant at small-angular scales in this model. The primordial power spectrum with direction dependence could account for certain anomalies of the CMB temperature fluctuations [31] [32] [33] [34] [35] [36] [37] [38] [39] [40] [41] [42] [43] [44] [92] [93] [94] [95] [96] [97] [98] [99] .
Based on the Planck 2013 results, we estimated the magnitude, scale, and direction of the anisotropic effect in the Randersian inflation. The Planck data showed the magnitude of the dipolar power modulation to be the level of A ∼ 0.07 at the scale ∼ 1Gpc. Thus, we obtained the scale of the anisotropic effect as k −1 c ∼ 14Gpc. This scale is comparable to the scale of the observable universe. This prediction reveals that the anisotropic term affects the CMB anisotropy only at the low-ℓ multipoles. This is consistent with the WMAP and Planck observations on the CMB temperature fluctuations. The anisotropic effect decays rapidly at small scales. This is compatible with the constraint on the homogeneity from the distribution of distant quasars. In addition, we regained the privileged axis of the dipolar modulation (l, b) = (218.9
• ± 15.1 • ) based on the Planck data. As we have mentioned above, Finsler geometry is a reasonable candidate platform to study the spacetime asymmetry and anisotropy. The Finsler spacetime is intrinsically anisotropic and direction dependent. The physical processes in Finsler spacetime should acquire similar anisotropic properties. In this paper, we indeed obtianed the anisotropic effects on the inflation and the primordial power spectrum from Finsler geometry. To our knowledge, this is the first time that the primordial power spectrum was obtained in the Finsler geometric framework. In addition, the statistical anisotropy was predicted for the primordial power spectrum, especially the dipolar modulation. Meanwhile, the Planck's observations showed possible evidence for the dipolar power modulation of the CMB anisotropy at low-ℓ multipoles. This is a good chance to test the anisotropic predictions of Finsler geometry. On the contrary, Finsler geometry could provide an alternative explanation to the statistical anisotropy of the universe.
